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Abstract 

Let K denote a field and let V denote a vector space over K with finite positive 
dimension. We consider an ordered pair of linear transformations A : V — > V and 
A* : V — » V that satisfy (i) and (ii) below: 

(i) There exists a basis for V with respect to which the matrix representing A is 
irreducible tridiagonal and the matrix representing A* is diagonal. 

(ii) There exists a basis for V with respect to which the matrix representing A* is 
irreducible tridiagonal and the matrix representing A is diagonal. 

We call such a pair a Leonard pair on V. Let £, £, £*, £* denote scalars in K with £, £* 
nonzero, and note that £A + (I, £*A* + C,*I is a Leonard pair on V. We give necessary 
and sufficient conditions for this Leonard pair to be isomorphic to A, A*. We also 
give necessary and sufficient conditions for this Leonard pair to be isomorphic to the 
Leonard pair A*, A. 

1 Leonard pairs 

We begin by recalling the notion of a Leonard pair. We will use the following terms. A 
square matrix X is said to be tridiagonal whenever each nonzero entry lies on either the 
diagonal, the subdiagonal, or the superdiagonal. Assume X is tridiagonal. Then X is said 
to be irreducible whenever each entry on the subdiagonal is nonzero and each entry on the 
superdiagonal is nonzero. We now define a Leonard pair. For the rest of this paper K will 
denote a field. 

Definition 1.1 [29J Let V denote a vector space over K with finite positive dimension. By 
a Leonard pair on V we mean an ordered pair A, A* where A : V — > V and A* : V — > V 
are linear transformations that satisfy (i) and (ii) below: 

(i) There exists a basis for V with respect to which the matrix representing A is irre- 
ducible tridiagonal and the matrix representing A* is diagonal. 

(ii) There exists a basis for V with respect to which the matrix representing A* is irre- 
ducible tridiagonal and the matrix representing A is diagonal. 

Note 1.2 It is a common notational convention to use A* to represent the conjugate- 
transpose of A. We are not using this convention. In a Leonard pair A, A* the linear 
transformations A and A* are arbitrary subject to (i) and (ii) above. 

We refer the reader to [5], [15], PI, PL P], (2D, [22], [22], [21], [22], [22], [22], [31], 
[32], [33], [M], [35], [36], [37], [38], 00], [H], 02] for background on Leonard pairs. We 
especially recommend the survey [38]. See P, [2], [3], [4], [6], [7], [8], [9], [10], pi], p], 
03], [H], EE], [LI], [25], [26], [3D], [39], 03] for related topics. 



In this paper we consider the following situation. Let V denote a vector space over IK 
with finite positive dimension and let A, A* denote a Leonard pair on V. Let £,C>£*iC* 
denote scalars in IK with £, £* nonzero, and note that £A + (I, £*A* + £*J is a Leonard pair 
on V. We give necessary and sufficient conditions for this Leonard pair to be isomorphic 
to A, A*. We also give necessary and sufficient conditions for this Leonard pair to be 
isomorphic to the Leonard pair A*, A. 



2 Leonard systems 

When working with a Leonard pair, it is convenient to consider a closely related object 
called a Leonard system. To prepare for our definition of a Leonard system, we recall a 
few concepts from linear algebra. Let d denote a nonnegative integer and let Matd+i(K) 
denote the IK-algebra consisting of all d + 1 by d + 1 matrices that have entries in K. We 
index the rows and columns by 0,1, ... ,d. We let K. d+l denote the K-vector space of all 
d+ 1 by 1 matrices that have entries in K. We index the rows by 0, 1, . . . , d. We view 
as a left module for Mat<j+i(K). We observe this module is irreducible. For the rest of this 
paper, let A denote a IK-algebra isomorphic to Mat<2+i(K) and let V denote an irreducible 
left ^4-module. We remark that V is unique up to isomorphism of *4-modules, and that V 
has dimension d+l. Let {vi}f =0 denote a basis for V. For X G A and Y S Mat c / + i(]K), we 
say Y represents X with respect to {vi}f =0 whenever Xvj = J2i=o'^ij v i f° r < j < c£. For 
A € A we say A is multiplicity-free whenever it has d + l mutually distinct eigenvalues in 
K. Assume A is multiplicity- free. Let {9i}f =0 denote an ordering of the eigenvalues of A, 
and for < i < d put 

* - n « 

0<j<d J 

where I denotes the identity of A. We observe (i) AEi = OiEi (0 < i < d); (ii) EiEj = SijEj 

(0 <i,j < d); (iii) Y?i=o E i = J ! ( iv ) A = J2i=o°i E i- Let v denote the subalgebra of A 
generated by A. Using (i)-(iv) we find the sequence {Ei}f =0 is a basis for the IK- vector 
space T>. We call E^ the primitive idempotent of A associated with 9{. It is helpful to think 
of these primitive idempotents as follows. Observe 

V = E V + E X V + ■■■ + E d V (direct sum). 

For < i < d, E^V is the (one dimensional) eigenspace of A in V associated with the 
eigenvalue 9i, and Ei acts on V as the projection onto this eigenspace. 

By a Leonard pair in A we mean an ordered pair of elements taken from A that act on 
V as a Leonard pair in the sense of Definition 11.11 We call A the ambient algebra of the 
pair and say the pair is over K. We now define a Leonard system. 
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Definition 2.1 [29] By a Leonard system in A we mean a sequence 

$ = (A;{^}t ;^;{S*}to) 

that satisfies (i)-(v) below. 

(i) Each of A, A* is a multiplicity-free element in A. 

(ii) {Ei}f =0 is an ordering of the primitive idempotents of A. 

(iii) {E*}f =Q is an ordering of the primitive idempotents of A*. 

(iv) For < i, j < d, 



(v) For < i,j < d, 



EiA*Ej = \ ii \ i -i\ >1 > ( 2 ) 

3 Wo if \i-j\ = l. { ' 



* . * I if \i — ?' I > 1, 
E*AE* = < 3 

J Wo if *-j =i. 



We refer to <i as the diameter of $ and say is ouer K. We call A the ambient algebra of 

Leonard systems are related to Leonard pairs as follows. Let (A; {Ei}f =0 ; A*; {E*}f =0 ) 
denote a Leonard system in A. Then A, A* is a Leonard pair in A \37\ Section 3]. Con- 
versely, suppose A, A* is a Leonard pair in A. Then each of A, A* is multiplicity-free [29\ 
Lemma 1.3]. Moreover there exists an ordering {Ei}f =Q of the primitive idempotents of 
A, and there exists an ordering {E*}f =0 of the primitive idempotents of A*, such that 
(A; {Ei}f =Q ; A* ; {E*}f_ ) is a Leonard system in A [57] Lemma 3.3]. We say this Leonard 
system is associated with the Leonard pair A, A* . 

We recall the notion of isomorphism for Leonard pairs and Leonard systems. 

Definition 2.2 Let A, A* and B,B* denote Leonard pairs over K. By an isomorphism 
of Leonard pairs from A, A* to B,B* we mean an isomorphism of K-algebras from the 
ambient algebra of A, A* to the ambient algebra B,B* that sends A to B and A* to B* . 
The Leonard pairs A, A* and B,B* are said to be isomorphic whenever there exists an 
isomorphism of Leonard pairs from A, A* to B, B*. 



Let $ denote the Leonard system from Definition 12.11 and let a : A — > A' denote an 
isomorphism of K-algebras. We write := (A a ; {Ef }f =0 ; A* a ; {E* a }f_ ) and observe Q a 
is a Leonard system in A' . 



Definition 2.3 Let $ and $' denote Leonard systems over K. By an isomorphism of 
Leonard systems from $ to we mean an isomorphism of K-algebras a from the ambient 
algebra of <3? to the ambient algebra of $' such that $ <J = The Leonard systems $ 
and <£' are said to be isomorphic whenever there exists an isomorphism of Leonard systems 
from $ to <&'. 
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3 The action 



Let $ = (A;{Ei}f =0 ;A*;{E*}f =0 ) denote a Leonard system in A. Then each of the 
following is a Leonard system in A: 

<T := {A*-{E*)U;A;{Ei}U), 

& := (A;{JEttto;^;{*3-Jto)> 
# := (A;{E d _ t }f =0 ;A*;{E;}f =0 ). 

Viewing *, j, JJ. as permutations on the set of all the Leonard systems, 

* 2 = I 2 = 4 2 = 1, (4) 

J|* = *j, j* = *J|, 01 = U- (5) 

The group generated by symbols *, j, JJ- subject to the relations (jl|), ([5]) is the dihedral group 
D4. We recall -D4 is the group of symmetries of a square, and has 8 elements. Apparently 
*, I, JJ. induce an action of D4 on the set of all Leonard systems. Two Leonard systems will 
be called relatives whenever they are in the same orbit of this -D4 action. The relatives of 
are as follows: 



name 


relative 


$ 


(A;{E t }f =0 ;A*;{E*}U) 




(A;{E i }* =0 ;A*;{E'i_ i }t =0 ) 


3>JJ- 


(A;{E d ^}i =0 ;A*;{E*}f =0 ) 




(^;{^_at ;A*;{^_jf =0 ) 


<J>* 


(^;{£*}io;^;{£i}io) 


$i* 


(^;{^_ 4 }f =0 ;^{^}f =0 ) 




(A*;{E*}f =0 ;A;{E d ^}f =0 ) 




{A^iEUY^MiEa^U) 



4 The parameter array 

In this section we recall the parameter array of a Leonard system. 

Definition 4.1 Let <3? = (A; {Ei}f =0 ; A*; {E*}f =0 ) denote a Leonard system over K. For 
< i < d we let 9{ (resp. 9*) denote the eigenvalue of A (resp. ^4*) associated with E^ 
(resp. E*). We refer to {9i}f =0 (resp. {9*}f =0 ) as the eigenvalue sequence (resp. dual 
eigenvalue sequence) of <3?. We observe {9i}f =0 (resp. {9*}f =0 ) are mutually distinct and 
contained in K. 
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Definition 4.2 pH Theorem 4.6] Let $ = (A; {Ei}f =0 ; A*; {E*}f =0 ) denote a Leonard 
system with eigenvalue sequence {Oi}f =0 and dual eigenvalue sequence {#*}f =0 - For 1 < 
i < d we define 

,„ ._ fl ., tr(g;nt'o(^-^)) m 

v - - (9o " 9i) tr W nS(A-w))' (6) 
. ._ ,„ ,,, f(gjna(A- w» ,„ 
* - (,, " 9 ' ) ^ni3(^««i))' ( ) 

where tr means trace. In ([6]), ([7]) the denominators are nonzero by |19[ Corollary 4.5]. 
The sequence {ipi}f =1 (resp. {^}f =1 ) is called the first split sequence (resp. second split 
sequence) of <&. 

Definition 4.3 Let $ = (A;{Ei}f =0 ; A*;{E*}f =0 ) denote a Leonard system over K. By 
the parameter array of we mean the sequence {{Oi}f =0 \ {0*}f=oi {Pi}i=i'i {^}i=i)) where 
the 0j, 0* are from Definition 14.11 and the <pi, (pi are from Definition 14.21 



Theorem 4.4 \29\ Theorem 1.9] Let d denote a nonnegative integer and let 

denote a sequence of scalars taken from IK. Then there exists a Leonard system $ over K 
with parameter array (0|) i/ and on/y j/ (PA1)-(PA5) hold below. 

(PAl) (fi^O, fc^O (l<i<d). 

^ ^ ^ 0) if i ^ j (o < i,i < d). 

fPA5; Forl<i<d, 

<* = 4* E V-£* + (e * " " ^ 

/i=0 

fPA^j Forl<i<d, 
(PA 5) The expressions 

t/i_i - 0j - ^ 

are eaua/ and independent of i for 2 < i < d — 1 . 

Suppose (PA1)-(PA5) hold. Then is unique up to isomorphism of Leonard systems. 



0) 



The -D4 action affects the parameter array as follows. 



5 



Lemma 4.5 JUJ Theorem 1.11] Let § = {A; {Ei}f =Q ; A*; {E*}f =0 ) denote a Leonard sys- 
tem with parameter array ({6>j}f =0 ; {6*}f =0 ; {<Pi}f = i, {4>i}f =1 ). For each relative of <J> the 
parameter array is given below. 



relative 


parameter array 


$ 


({e i }i =0 ;{ef}f =0 ;{'fi}U;Mf=i) 




({0Jf=o; {Q*d-i\i=& {4>d-i+i\i=i, {vd-i+i\i=i) 








({9d-i}f =0 ; {^d-i}i=o'i {<Pd-i+i}i=i, {<Pd-i+i} d i= i) 




m}U\ {^}<U; {^>ti; {^-i+i}f=i) 


cf>i* 




$•11-* 


({0*}i o ; {^-i}t ; {^}f=i; {^+i}f =1 ) 




({^_Jt ; {^-Jto; {^-i+ilti; Mil) 



5 Affine transformations of a Leonard system 

In this section we consider the affine transformations of a Leonard system. We start with 
an observation. 

Lemma 5.1 Let $ = (A; {Ei}f =0 ; A*; {E*}f =0 ) denote a Leonard system in A. Let £, C>£*,C* 
denote scalars in K with nonzero. Then the sequence 

(ZA + Ci; {Ek}U;?A* + (*i; {E*}f=o) (10) 

is a Leonard system in A. 

Definition 5.2 Referring to Lemma 15. 11 we call (jlpp the affine transformation of $ asso- 
ciated with £,C> 

Definition 5.3 Let $ and $' denote Leonard systems over K. We say $ and $' are affine 
isomorphic whenever $ is isomorphic to an affine transformation of Observe that affine 
isomorphism is an equivalence relation. 

Let <3? denote a Leonard system. We now consider how the set of relatives of <5 is 
partitioned into affine isomorphism classes. In order to avoid trivialities we assume the 
diameter of is at least 1. The following is our main result on this topic. 
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Theorem 5.4 Let $ denote a Leonard system with first split sequence {Vi}f=i an d second 
split sequence {(fii}f =1 . Assume d > 1. 

(i) Assume pi = pd = —<fii = —(fid- Then all eight relatives of are mutually affine 
isomorphic. 

(ii) Assume pi = ipd, <fii = (fid and pi 7^ —(fix- Then the relatives of & form exactly two 
affine isomorphism classes, consisting of {$, $^*}, {<I?i, $^*, <£^*}. 

(mj Assume pi = pd and (fii 7^ (fid- Then the relatives of <3? form exactly four affine 
isomorphism classes, consisting 0/ {<£, <3?-^*}, , {(E'-'J-, $^*} ; {<3?^, <£*}. 

(iv) Assume (fii = (fid o-nd pi 7^ Pd- Then the relatives of <I> form exactly four affine 
isomorphism classes, consisting of {<£,<]?*}, ®^*}, {$1^ 

(v) Assume pi = —(pi, Pd = ~<fid an d pi ¥d- Then the relatives o/<3? form exactly four 
affine isomorphism classes, consisting of {<&, $^}, {<^,<I>^}, {<£*, $^*} ; {$i* 5 

(uij Assume pi = —(fid, Pd = — </>i Pi 7^ Vd- r/ien i/ie relatives of Q form exactly four 
affine isomorphism classes, consisting of {$, {<&^,<&^}, {<£*, $J--V-*}. 

(^mij Assume none of (i)-(vi) hold above. Then pi 7^ c/?d, 7^ <^<2, at least one of ip\ 7^ 
—(fii, c/?d / — 4>d, and at least one of pi / — (fid, Pd 7^ — <^i- ^ case the eight 
relatives of $ are mutually non affine isomorphic. 

The proof of Theorem 15.41 will be given in Section 9. In Sections 6-8 we obtain some 
results that will be used in this proof. 

6 How the parameter array is affected by affine transforma- 
tion 

Let $ denote a Leonard system. In this section we consider how the parameter array 
of <I> is affected by affine transformation. 

Lemma 6.1 Referring to Lemma [5J\ let ({9i}f =0 ; {9*}f =0 ; {pi}f =1 ; {(fii}f =1 ) denote the 
parameter array of . Then the parameter array of the Leonard system II 10]) is 

m + ciio; {Cet + Oio; {«V*}£=i; (n) 

Proof. By Definition 14.11 for < i < d the scalar 9i is the eigenvalue of A associated 
with Ei, so £9i + C is the eigenvalue of I; A + (I associated with E{. Thus {£9i + C}f=o is 
the eigenvalue sequence of (fTO]) . Similarly {£*#* + (*}f =0 is the dual eigenvalue sequence of 
(fTtJl) . In the right-hand side of ©, if we replace A by ^A + (I, and if we replace 9j, 9* by 
ZOj + C, C&j + C* (0 < 3 < d) and simplify the result we get £CPi- Therefore {^*Pi}f=i 
is the first split sequence of (fTOj) . Similarly {CC*^i}i=i is the second split sequence of (flOl) 
and the result follows. □ 
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7 Some equations 

In this section we obtain some equations that will be useful in the proof of Theorem 

El 

Notation 7.1 Let $ = (A; {Ei}f =Q ; A*; {E*}f =Q ) denote a Leonard system over K, with 
parameter array {{9i}f =0 ; {9*}f =0 ; {<pi}f =l ; {(/>i}f=i)- To avoid trivialities we assume d > 1. 



Lemma 7.2 \29\ Lemma 9.5] Referring to Notation 7.1 

no a* a* 

&h - Vd-h 



'h 



'd-h 



(0<h< d). 



"0 — u d <7q — V d 

Definition 7.3 Referring to Notation 17, 1\ for 1 < i < d we have 



i-l 

E 

h=0 



i-l 



h 



E w h v d-h 
ft* - ft* ' 



h=0 



We denote this common value by We observe that i9i = 1 and ~&i = "&d-i+i for 1 < i < d. 



Lemma 7.4 Referring to Notation\7. 1\ and Definition\7.3\ the following hold for 1 < i < d 



Pi 

Pd-i+1 
Pi 

Pd-i+1 
§i 

4>d-i+l 

$i 

4>d-i+l 



<h$i + 
i + 
i + 
pi'&i + 

Pl'&i + 

Pd°&i + 
Pd$i + 



ft *d-i+l ~ 8o)( ft d-i ~ &d), 
ft i ~ 9q){9*_ 1 - & d ), 

dd-i+1 ~ Oo){0*d-i - n d)> 
9* - 9*,)(9d-i+i -9 ), 
9* d _ i+ i - 91) (9 i - 9 ), 

9 d - i -9 d )(9*_i-e*d), 
~ 8d){ ft *d-i ~ ft *d)- 



(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 



Proof. Apply to the equation (PA3) from Theorem l4.4l and use Lemma f4.51 □ 



8 The relatives and affine transformations of a Leonard sys- 
tem 

Let denote a Leonard system in A. In this section we give, for each relative of 
<]?, necessary and sufficient conditions for it to be affine isomorphic to <3?. Recall that 
by Theorem 14. 4} two Leonard systems are isomorphic if and only if they have the same 
parameter array. 

Lemma 8.1 Let and <£' denote Leonard systems over K which are affine isomorphic. 
Then § 9 and <3?' 9 are affine isomorphic for all g £ D4. 

Proof. Routine. □ 
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Proposition 8.2 Referring to Notation\7.1\ let £,£>£*)C* denote scalars in IE with 



nonzero. Then $ is isomorphic to the Leonard system pu\) if and only if £ = 1, £ = 0, 
£* = l, £* = 0. 

Proof. Suppose that <!> is isomorphic to the Leonard system (|10p . Then these Leonard 
systems have the same parameter array. These parameter arrays are given in Notation 17.11 
and (lllj) : comparing them we find £#j + £ = 9i for < i < d. Setting % = 0, i = 1 in this 
equation we find £ = 1, £ = 0. Similarly we find £* = 1, £* = 0. This proves the result in 
one direction and the other direction is clear. □ 



Lemma 8.3 Referring to Notation\7.1\ let£, £, £*, £* denote scalars in K. with £, £* nonzero. 



Then is isomorphic to the Leonard system \10\) if and only if 

0i = £#* + £ (0<i<d), (20) 

«2-t = Co* + C (o<i<d), (21) 

= «V< (l<i<d)» ( 22 ) 

Pd-H-i = ££*<& (1<»<<0- (23) 

Proof. Compare the parameter array of $^ from Lemma 14.51 with the parameter array 

(LTTD- □ 



Proposition 8.4 Referring to Notation 7.1, the following (i)-(iii) are equivalent. 

(i) is affine isomorphic to 

(ii) tpi = -<p d and <fd = -4>i- 

(Hi) (fi = —(pd-i+i for 1 < i < d and 9* + 0? ■ is independent of i for < i < d. 

Suppose (i)-(iii) hold. Then & is isomorphic to ilO\) with £ = 1, £ = 0, £* = —1, anc? £* 
egwal to the common value of 9* + 9* l _ i . 

Proof. (i)=^(ii): By Definition 15.31 there exist scalars £,£,£*,£* i n K with £,£* nonzero 
such that is isomorphic to the Leonard system (jlOfl . Now (|20p -( i23"j) hold by Lemma 
[831 Setting i = 0, % = 1 in ([20} we find £ = 1, C = 0. Setting i = 0, i = d in (J2T]) we find 
£* = —1. Setting i = 1, i = d in (|22j) and using £ = 1, £* = — 1 we find </?i = — (f>d and 
= -01- 

(ii)=>(iii): By (H2|), (HSJ and tp d = -fa, 

<Pi + <t>d-i+l = (0i-i ~ e d )(9* + -9 ]-9* d ) (1 < * < d). (24) 

By (HU), dUD and tpx = 

^ + = (0, - o )(ti + 9d-i+i - &o ~0d) {l< i< d). (25) 

Replacing i by i+1 in (|25|) and comparing the result with (|24p we find 
y» + 0d-j+i _ + <^rf-i (Ki<rf-1) 

— &d 0i+l — $0 ~ ~ 
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From this and since ipi + <j) d = we find ipi + 4>d-i+i = for 1 < i < d. Evaluating ([2 
using this we find 9* + 9* d _ i is independent of i for < i < d. 

(iii)=>(i): Let C* denote the common value of 9* + 0* d _ v and let £ = 1, ( = 0, £* = -1. 
Now (I20p -( l23l) hold so & is isomorphic to (|10p by Lemma [8 .31 Now is affine isomorphic 
to in view of Definition 15.31 □ 



Proposition 8.5 Referring to Notation 7.1, the following (i)-(iii) are equivalent. 

(i) $^ is affine isomorphic to 3>. 

(ii) ( p 1 = -fa and ip d = -<j) d . 

(Hi) (fi = —fa for 1 < i < d and 9^ + 9d-i is independent of i for < i < d. 

Suppose (i)-(iii) hold. Then ^ is isomorphic to flOj) with £ = —1, £ egual io £/je common 
value of 9i + £* = 1, and £* = 0. 

Proof. By Lemma 18.11 (with g = *) and since JJ. * = * J, we find <3?^ is affine isomorphic to 
$ if and only if <£*^ is affine isomorphic to $*. Now apply Proposition 18.41 to <3?* and use 
Lemma 14.51 □ 



Lemma 8.6 Referring to Notation 7.1, let £,£,£*, C* denote scalars in K with £, £* nonzero. 



Then is isomorphic to the Leonard system \10\) if and only if 

0* = tfi + C (0<i<d), (26) 

<?i = t*0* + C {0<i<d), (27) 

W = (l<i<d)» (28) 

^d-i+i = (l<*<rf). (29) 

Proof. Compare the parameter array of <fr* from Lemma 14.51 with the parameter array 

m. □ 



Proposition 8.7 Referring to Notation 7.1, the following (i)-(iv) are equivalent, 
(i) $>* is affine isomorphic to 

(a) fa = (f> d . 

(Hi) fa = 4>d-i+i for 1 <i < d. 

(iv) (9* — 9$){9i — 6*o) -1 is independent of i for 1 < i < d. 

Suppose (i)-(iv) hold. Then <£* is isomorphic to ilO\) with £ equal to the common value of 
(9* - 9*)(9i - 9 )-\ ( = 9* - £* = r\ and £* = 9 - £*9*. 

Proof. (i)=>(ii): By Definition 15.31 there exist scalars £,C>£*\C* i n K with £,£* nonzero 
such that $* is isomorphic to the Leonard system (llOp . Now (126j )- (|29p hold by Lemma l8.61 
By (J25]| we find ££* = !. Setting i = 1 in flZH and using ££* = 1 we find fa = fa. 
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(ii) =Kiv): For < i < d define ^ = (6* - 9$)(9 d - 9 ) - (9, - 9 )(9* d - 0%) and observe 
rjo = 0. We show rji = for 1 < % < d. By (fl~2j) . (fTil) and since 4>i = 0<i> 

(9* - 9* )(9^ - 9 d ) = (9, - 9 )(9* i _ 1 - 9* d ) (1 < i < d). 

In this equation we rearrange terms to get 

Vi (9i-i - 9 d ) = 7fc_i & - 9 Q ) (l<i<d). 

By this and since rjo = we find f]i = for 1 < % < d. The result follows. 
(iv)=>(iii): Let i be given. Since (6* — 9q)(9{ — #o) _1 is independent of i, 

(9* - 0Q)(Q d - i+ i - O ) = (9 d _ i+1 - 91) {9 i - 9 ). 

Comparing ([TBI) and (fT7|) using this we find 4>i = 4>d-i+l- 

(iii) =^(ii): Clear. 

(iii), (iv)=>(i): Let £ denote the common value of (9* — 9$){9i — #o) 1 and set = 
( = 9* - £0 O , = 9 - £*0*. Then (|2B ]l - l(2S|l hold so is isormorphic to (US) by Lemma 
18.61 Now $* is affine isomorphic to <3? in view of Definition 15.31 □ 



Proposition 8.8 Referring to Notation 7.1, the following (i)-(iv) are equivalent, 
(i) is affine isomorphic to <3?. 

(ii) <pi = <p d . 

(iii) ifi = (fd-i+i fori <i<d. 

(iv) j — 9* d )(9i - 6*o) _1 is independent of i for 1 < i < d. 

Suppose (i)-(iv) hold. Then <]>^* is isomorphic to \10\) with £ equal to the common value 
of {9U ~ 9* d )(9i - 9 )-\ ( = 9* d - £9 , C = r 1 , and (* = 9 - £*0*. 



Proof. By Lemma 18.11 (with g = [) and since JJ. * J, = * we find that (f?+v* is affine isomor- 
phic to if and only if <1?^* is affine isomorphic to <J>^. Now apply Proposition 18.71 to $^ 
and use Lemma 14.51 □ 



Lemma 8.9 Referring to Notation 7.1, let £, £, £* , denote scalars in K with £, £* nonzero. 



Then <f>+v is isomorphic to the Leonard system il(j\) if and only if 



e d -i = £#i + c (o<*<d), (30) 

9* d _, = C9* + C (0<i<d), (31) 

= ee>i (i<t<d)» ( 32 ) 

= (l<»<d). (33) 

Proof. Compare the parameter array of $^ from Lemma l4.5| with the parameter array 
([LTD. □ 
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Proposition 8.10 Referring to Notation 7.1, the following (i)-(iv) are equivalent. 

(i) $"!•■"■ is affine isomorphic to <£. 

(ii) ipi = ip d and (pi = 4> d . 

(Hi) <fi = (fd-i+i and fa = 4> d -i+i for 1 < i < d. 

(iv) Each of [9* - 6Z)(0i - Bo)- 1 , (0$_. - 9* d ){9 l - Bo)- 1 is independent of i for 1 < i < d. 

Suppose (i)-(iv) hold. Then each of 9i + 9d-i, Q\ + ^ d -i ^ s independent of i for < i < d. 
Moreover $^ is isomorphic to \10\) with £ = —1, £* = —1, and C, (resp. £*) equal to the 
common value of 9i + Qd-i (resp. 6* + 9 d _j). 

Proof. (i)=>(ii): By Definition 15.31 there exist scalars £,C>£*>C* i n K with nonzero 
such that is isomorphic to the Leonard system (|10p . Now f|3Q|) — (|33() hold by Lemma 
MM Setting i = 0, i = d in ([30]) we find £ = -1. Setting i = 0, % = d in (j5J)) we find 
= -1. Setting i = 1 in ((35J, {53]) and using £ = -1, £* = -1 we find 991 = ip d and 
01 = ^d- 

(ii)«=>(iii)«=>(iv): Follows from Propositions 18771 and [8781 

(hi), (iv)=>(i): We first show that 9* + 9 d _ i is independent of i for < i < d. By 
assumption 

/1* /1* /i* /j* 
^ - ^0 = v_d ~ ^0 

#i — #0 #d — #0 

and 

n~i - e i 0*0 - o* d 



[l<i< d), (34) 



(l<i<d). (35) 

Adding P]l . p]) we find 9* + = 0£ + 0* for 1 < i < d. Therefore 9* + 9*_ { is 
independent of i for < i < d. Next we show that 9i + is independent of i for 
< i < d. Rearranging the terms in (134j) we find that for 1 < i < d, 

'd-i -Vo- & d 



k + 9 d - % -9 -9 d 0* + , 



In the above equation the numerator on the right is zero so the numerator on the left is 
zero. Therefore 9{ + 9d-% is independent of i for < i < d. Now let £ (resp. £*) denote 
the common value of 9, t + 9 d _i (resp. 6»* + 6^_-), and let £ = -1, = -1. Then ([50lH ([33|) 
hold so $^ is isomorpic to ()10p by Lemma 18.91 Now is affine isomorphic to in view 
of Definition E731 □ 



Lemma 8.11 Referring to Notation \ 7.1\ let £, C,£*,C* denote scalars in IK u>i£/i 



nonzero. Then <3?^* is isomorphic to the Leonard system if and only if 

9* d _i = m + C (0<i<d), (36) 

h = t#* + C* (0<i<d), (37) 

^d-i+i = &Vi (l<i<<0» ( 38 ) 

W = (1 <*<<*)• (39) 

Proof. Compare the parameter array of from Lemma |4.5[ with the parameter array 

dm □ 
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Proposition 8.12 Referring to Notation 7.1, the following (i)-(iii) are equivalent, 
(i) <3>^* is affine isomorphic to <£. 

(a) (pi = ip d = -<t>i = -4>d- 

(Hi) tfi, ipd-i+i, —<j>%, —<Pd-i+i coincide for 1 < i < d and each of (9* — #o)(#i — Qq) , 
— @d)(@i ~ ^o) _1 is independent of i for 1 < i < d. 

Suppose (i)-(iii) hold. Then <3>^* is isomorphic to (Q7J) with £ equal to the common value 
of (0* d -i ~ 9 *dM ~ 8o)-\ < = 9* d - iO Q , T = ~r\ and (* = 9 - £*0* . 



Proof. (i)=>(ii): By Definition 15.31 there exist scalars £, C>£*)C* in K with nonzero 
such that is isomorphic to the Leonard system (llOp . Now (]36p ~ (|39p hold by Lemma 
I8TTT1 Setting i = 0, i = d in fl36|) we find £{6 - 9 d ) = 0* d - 0g. Setting i = 0, i = d in 
(|37l) we find £*(#q ~~ ®d) = @o — ®d- By these comments ££* = —1. Setting i = 1, i = d in 
(f38|) and using = —1 we find (p% = —cpd and (fd = —(fii- Setting i = 1 in (|39|) and using 
££* = — 1 we find ipi = —<pi. 

(ii)<^>(iii): Follows from Propositions 18.41 1831 and 18.101 

(ii), (iii)=>(i): Let £ denote the common value of {9 d _ i -9 d )(9 i -9o)~ 1 , and let £* = — £~ x , 
£ = ^ - £6» , C* = #0 - r^o- Then <[55 |1 -<|55 1> hold so is isormorphic to ((TDJ by Lemma 
18.111 Now is affine isomorphic to $ in view of Definition 15.31 □ 



Proposition 8.13 Referring to Notation 771, the following (i)-(iii) are equivalent. 

(i) <E>^* is affine isomorphic to <£. 

(ii) (p 1 = (p d = -0! = -<j) d . 

(Hi) ifi, ifd-i+i, —(pi, —<pd-i+i coincide for 1 < i < d and each of (9* — 9$){9i — 9$) , 
(9 d _ { — 9* d )(9i — 6*o) _1 is independent of i for 1 < i < d. 

Suppose (i)-(iii) hold. Then <3?^* is affine isomorphic to \10\) with £ equal to the common 
value of (9* - 9* )(9 t - 9 )-\ C = d% - £# , £* = -f" 1 , and (* = 9 - i*9* d . 



Proof. By Lemma 18.11 (with g = [) and since JJ.*! = * = !I* we find that <3?^* is affine 
isomorphic to <5 if and only if is affine isomorphic to $K Now apply Proposition 

l8TT2l to $^ and use Lemma 14.51 □ 



9 Proof of Theorem 15.41 

In this section we prove Theorem 15.41 

Proof of Theorem 15.41 (i): Observe that § 9 is isomorphic to <E> for all g € D4 by 
Propositions EM EH EH EM EM EU21 and EU3l 

(ii): Since ip\ = ip d and 0i = (j)d, the Leonard systems $*, $^*, are affine iso- 
morphic to <1? by Propositions 18.71 EE\ 18.101 respectively. Therefore $, <£^*, 3>W are 
contained in a common affine isomorphism class. By this and Lemma 18.11 the Leonard 
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systems <J>^, $^*, are contained in a common isomorphism class. The above affine 
isomorphism classes are distinct; indeed <S>^ is not affine isomorphic to <I> by Proposition 
18.41 and since tpi ^ —4>d- The result follows. 

(hi): By Propostion 18.81 the Leonard system <J? is affine isomorphic to f^*. By Propo- 
sitions El E3 ETUI K7\ KT2[ Km $ is not affine isomorphic to any of 

$^*. The result follows from these comments in view of Lemma 18.11 and (H, ([5]). 

(iv) : By Propostion 18.71 the Leonard system <E> is affine isomorphic to By Proposi- 
tions El E3 Km Km Km ES $ is not affine isomorphic to any of 

$^*. The result follows from these comments in view of Lemma EH and (j4j), ©. 

(v) : By Propostion 18.51 the Leonard system $ is affine isomorphic to By Proposi- 
tions El Km K7[ Km Km EH $ is not affine isomorphic to any of *W $*, $^*, 
cE>^*, xhe result follows from these comments in view of Lemma 18. II and (H), ([5]). 

(vi) : By Propostion 18.41 the Leonard system $ is affine isomorphic to By Proposi- 
tions EM EM E3 ET21 ET31 ES $ is not affine isomorphic to any of 

<J>^*, <£^*. The result follows from these comments in view of Lemma 18. II and (H), ©■ 

(vii) : By Propositions El E3 E3 ETUI ET2l ET3l E3 $ is not affine isomorphic to 
any of <3?^, <£^*, 3>-WK The result follows from this and Lemma EH 
□ 



10 The parameters a,i and a 



It turns out that for some of the cases of Theorem 15.41 there is a natural interpretation 
in terms of the parameters a\ and a* |29l Definition 2.5]. In this section we explain the 
situation. We start with a definition. 

Definition 10.1 [29j Definition 2.5] Referring to Notation 17.11 for < % < d we define 
scalars 

en := tv(E*A), a* := tr(£^A*). 



Lemma 10.2 Referring to Notation 7.1 and Definition \10.1l the following (i), (ii) are 
equaivalent. 

(i) cii is independent of i for < i < d. 

(ii) The equivalent conditions (i)-(iii) hold in Proposition Iff. 51 

Suppose (i), (ii) hold. Then the common value of Oi + Od-i is twice the common value of 

Proof. Follows from |X8|, Theorem 1.5] and Proposition 18.51 □ 
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Lemma 10.3 Referring to Notation 7.1 and Definition \10.1l the following (i), (ii) are 
equaivalent. 

(i) a? is independent of i for < i < d. 

(ii) The equivalent conditions (i)-(iii) hold in Proposition \8.4\ 

Suppose (i), (ii) hold. Then the common value of 9* + 0* t i is twice the common value of 
<■ 

Proof. Follows from |18l Theorem 1.6] and Proposition 18.41 □ 

Theorem 10.4 Referring to Notation \7.1\ and Definition 1 1 0. i\ the following (i)-(iv) hold, 
(i) In Case (i) of Theorem\5.4\ each of ai, a* is independent of i for < i < d. 



(ii) In Case (v) of Theorem \5.4\ ai is independent of i for < i < d but a? is not 
independent of i for < i < d. 



(Hi) In Case (vi) of Theorem \5.4\ a* is independent of i for < i < d but ai is not 
independent of i for < i < d. 



(iv) In the remaining cases of Theorem \5.4\ neither of ai, a* is independent of i for 
< i < d. 

Proof. Follows from Theorem 15.41 and Lemmas 110.21 110.31 □ 



11 Affine transformations of a Leonard pair 

Let A, A* denote a Leonard pair in A and let £, (, £*, £* denote scalars in IK with £, £* 
nonzero. By Lemma 15. II and our comments below Definition 12.11 the pair 

£A + (I, CA* + (*I (40) 

is a Leonard pair in A. We call (I40p the affine transformation of A, A* associated with 
CiC)^*iC*- I n this section we find necessary and sufficient conditions for the Leonard pair 
(140p to be isomorphic to A, A*. We also find necessary and sufficient conditions for the 
Leonard pair (|40p to be isomorphic to the Leonard pair A*, A. 

Notation 11.1 Let A, A* denote a Leonard pair in A. Let $ = (A; {Ei}f =0 ; A*; {E*}f =Q ) 
denote a Leonard system associated with ^4,^4* and let ({Oi}f =Q ; {0*}f =0 ; {tpi}f = i, {<j>i}f=i) 
denote the parameter array of To avoid trivialities we assume d > 1. 



15 



Proposition 11.2 Referring to Notation \ll.l[ the Leonard pair A, A* is isomorphic to the 
Leonard pair (Jlfy if and only if at least one of (i)-(iv) holds below. 

(i) £ = i, c = o, c = i,C = o. 

(a) if! = -4> d , vd = -<t>x, e = i, c = o, e = -i, c* = #0 + o* d - 

(Hi) if! = if d = -<f> d , £ = -I, C = O + 0* r = 1, c* = o. 

H pi = ^ 0i = <t> d , e = -i, c = Oo + d) r = -1, c* = 05 + 

In £/iis case precisely one of (i)-(iv) holds. 

Proof. By [32, Lemma 5.4] the Leonard systems associated with A, A* are 3>, <J>^, 
<3>^. Therefore the Leonard pair A, A* is isomorphic to the Leonard pair (|40p if and only 
if at least one of 3>^, is isomorphic to the Leonard system (llOp , By this and 

Propositions 18.21 18.41 18.51 18.101 we find A, A* is isomorphic to (|40p if and only if at least one 
of (i)-(iv) holds. Assume that at least one of (i)-(iv) holds. We show that precisely one of 
(i)-(iv) holds. By way of contradiction assume that at least two of (i)-(iv) hold. Then at 
least one of 2£, 2£* is zero, forcing Char(lK) = 2, and at least one of 0q + 9 d , 9q + 9* d is zero, 
forcing Char(K.) ^ 2 and giving a contradiction. Therefore precisely one of (i)-(iv) holds. 
□ 

Proposition 11.3 Referring to Notation \ll.ll the Leonard pair A* , A is isomorphic to the 
Leonard pair ft40\ ) if and only if at least one of (i)-(iv) holds below. 

(i) 0! = <p d ,i = (e* d - e* )(e d - e )-\ ( = e* - £0 Oj C = r 1 , C = o - Co* . 

(u) (pi = (p d = = -<\> A , e = (e* - 9* d )(9 d - 9 )-\ c = o* d - i9 Q , c = -r 1 , 
c* = o -r0 o *- 

(in) n = <p d = -0! = -cj> d , e = (9* d - 9* )(9 d - 9 )-\ ( = 9* - £9 Q , T = -C 1 , 

(iv) n = <p d ,Z = (9* - 9* d )(9 d - 9 )-\ ( = 9* d - Z9 , ? = f 1 , C* = 0o - H*0* d . 
Ln this case precisely one of (i)-(iv) holds. 

Proof. By [32l Lemma 5.4] the Leonard systems associated with A*, A are <&*, <3?^*, $^*, 
$>^*. Therefore the Leonard pair A*, A is isomorphic to the Leonard pair (|40p if and only 
if at least one of $»*, $^*, <fr^* , is isomorphic to the Leonard system (fTO]) . By this and 
Propositions E2\ OLE! I8A21 187131 we find A*, A is isomorphic to (HQj) if and only if at least 
one of (i)-(iv) holds. Assume that at least one of (i)-(iv) holds. We show that precisely 
one of (i)-(iv) holds. By way of contradiction assume that at least two of (i)-(iv) hold. 
Then at least one of 0o = &d, 9q = 9 d holds, for a contradiction. Therefore precisely one of 
(i)-(iv) holds. □ 

The following is the main result of the paper. 
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Theorem 11.4 Referring to Notation lll.ll we set a = {9* d - 9^)(9d — do) 1 ■ 

(i) Assume ipi = ifd = —(p\ = —<p d - Then A, A* is isomorphic to if and only if the 
sequence £>C>£*>C* is listed in the following table. 

e c e c* 



10 10 

i o -l oi + e* d 

-i e + e d i o 

-l e + e d -l e* + e* d 



Moreover A*, A is isomorphic to $D\ ) if and only if the sequence £, C)£*>C* is listed 
in the following table. 







C 


r 




C 






a 




— a^o 


a" 1 


9 


— a~ 






—a 




+ a9 


a" 1 




— a~ 


h 


?* 


o 


e* 


— a9o 


-a" 1 


0o 


+ a~ 






—a 


9* d 


+ a9 


-a- 1 


0o 


+ a~ 


h 


?3 



(mJ Assume (pi = ip d , (pi = (p d an d <pi ^ —(pi- Then A, A* is isomorphic to ^40\ ) if and 
only if the sequence £, £, £*, C* * s listed in the following table. 

cere* 



10 10 

-1 # + #d -1 9* + 9* 



Moreover A* , A is isomorphic to i/ and only if the sequence £, £*, £* zs /isied 
in the following table. 

i c r c* 

a 6<o - a9 or 1 9 - a~ l 0l 



-a 9*, + a9 -a 1 9 + a" 



(Hi) Assume ipi = ip d and (pi ^ (p d - Then A, A* is isomorphic to if and only if £ = 1, 
C = 0, £* = 1, C* = 0. Moreover A*, A is isomorphic to (JW if an d on ^y if £ = — a ; 
C = + a#o, T = -a" 1 , C* = + arty. 

(iv) Assume <p\ = (pd and ipi ^ ip d . Then A, A* is isomorphic to if and only if £ = 1, 
£ = ; £* = 1, £* = 0. Moreover A*, A is isomorphic to [JD] ) if and only if £ = a, 
( = 6*-a9 ,Z* = a~ l ,C = 9o-cr l 9* . 

(v) Assume fi = —(pi, tp d = —4>d & n d ¥>i ^ ¥> d - Then A, A* is isomorphic to [JOD if an d 
only if the sequence £, £*, C* is listed in the following table. 

£ c r c* 



10 10 

-1 9 + 9 d 1 



Moreover A*, A is not isomorphic to |^7jp for any £,C>£*>C*- 
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(vi) Assume ip\ = —<pd, tyd = —4>i an d <Pi fd- Then A, A* is isomorphic to if and 
only if the sequence £, £, £*, (* is listed in the following table. 

e c c c* 



10 1 

1 -1 0^ + 6* 



Moreover A*, A is not isomorphic to |^0| ) for any £,C>£*>C*- 

(vii) Assume none of (i)-(vi) hold above. Then A, A* is isomorphic to if and only 

if £ = 1, £ = 0, £* = 1, = 0. Moreover A*, A is not isomorphic to fl^0| ) /or any 

Proof. Routine consequence of Propositions 111.21 and [Tl~3l □ 



12 The parameter arrrays in closed form 



In [18] and [36] the parameter array of a Leonard system is given in closed form. For 
the rest of this paper we consider how the results of previous sections look in terms of this 
form. 

Notation 12.1 Let $ = (A; {Ei}f =0 ; A*; {E*}f =Q ) denote a Leonard system over K and let 
({9i}f =0 ; {6*}f =0 ; {<Pi}f = i', {</>i}f =1 ) denote the corresponding parameter array. We assume 
d> 3. 

Notation 12.2 Referring to Notation 112.11 let K denote the algebraic closure of IK and let 
q denote a nonzero scalar in K such that q + g _1 + 1 is equal to the common value of ([9]). 
We consider the following types: 



type 


description 


I 




II 


q = l, Char (IK) + 2 


III+ 


q = -1, Char(IK) ^ 2, d even 


III 


g = -1, Char(IK) ^ 2, d odd 


IV 


g = 1, Char(K) = 2 



13 Type I: q ^ 1 and g ^ -1 



Lemma 13.1 Theorem 6.1] Referring to Notation \12.1\ assume <3? is Type I. Then 
there exists unique scalars n, fi, h, rf , fi*, h* , r in IK such that 

^d—i 



for < i < d and 



'Pi 



n + nq % + hq a 
n* + //g l + h*q d - 1 



(<f -iX^^-iXr-wxy- 1 

(q l - l){q d ~ i+1 ~ l)(r - h^q 1 - 1 



(41) 
(42) 

(43) 
(44) 



/or 1 < i < d. 
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Remark 13.2 Referring to Lemma 113-H for 1 < % < d we have q 1 ^ 1; otherwise (fi = 
by (f43j) . For < i < d — lwe have /U ^ otherwise 6>d-i = 9q. Similarly fi* ^ h*q l . 

Lemma 13.3 Referring to Notation \12.1\ assume is Type I. Then (i)-(iv) hold below, 
(i) 9i + 9d-i is independent of i for < i < d if and only if \x = —h. 
(ii) 9* + 9* d-i is independent of i for < i < d if and only if fi* = —h*. 
(Hi) (#| — 9q){9,i — #o) 1 is independent of i for 1 <i < d if and only if (j,h* = fj,*h. 
(iv) (05 • — Q*i){Qi — 9q)~ 1 is independent of i for 1 < i < d if and only if fifi* = hh* . 

Proof, (i): Using flU}, 

Bi + e d -i -9 -e d = (q l - 1)(1 - q 4 -*)^ + h) 

for < i < d. The result follows from this and Remark 113.21 
(ii): Similar to the proof of (i). 
(hi): Using flU} and g2]), 

Oj-Oo 0*d-°o _ {^h* -n*h){l-q d -i) 
9i- 9 9 d -9 (li-Qin-hq*^) 

for 1 < i < d. The result follows from this and Remark 113,21 
(iv): Using (JUJ and (H2l) . 

0_d-iZ3 01-6% _ (W* - hh*)(l - q d -*) 
9i- 9 9 d -9 (ji-h){ji- hq*-*) 

for 1 < i < d. The result follows from this and Remark 113.21 □ 

Lemma 13.4 Referring to Notation \12.1[ assume & is Type I. Then (i)-(iv) hold below. 

(i) <pi = —(pi for 1 <i < d if and only if r = and fi = —h. 

(ii) ipi = —<p d -i+i for 1 < i < d if and only if t = and \i* = —h*. 
(Hi) 4>i = <f> d -i+x for 1 < i < d if and only if fih* = fi*h. 

(iv) ifi = ip d -i+\ for 1 <i < d if and only if = hh* . 

Proof, (i): Using the data in Lemma 113.11 we find 

¥>i + & = (q l ~ l)(q d ~ l+1 - l)(2r — (/i + h)^*^ 1 + h*q d ^)) (45) 
for 1 < i < d and 

<pi + 01 - Vd ~ <f>d = (q ~ " - 1)0 + h)(jS - h*). (46) 
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First assume ipi = —fa for 1 < i < d. Then in (|46p the expression on the left is zero so the 
expression on the right is zero. In this expression each factor except fi + h is nonzero by 
Remark 113. 2[ so fi = —h. In (I45p the expression on the left is zero so the expression on the 
right is zero. Evaluating this expression using fi = —h and Remark 113.21 we find 2r = 0. 
Note that Char(K) 2; otherwise fi = h and Remark 113.21 is contradicted. Therefore 
r = 0. We have now shown r = and \x = —h. Conversely assume r = and fj, = —h. 
Then by (|45h we have <pt = —(pi for 1 < i < d. 

(ii) : Similar to the proof of (i). We note that 

<Pi + = (q l - l)(q d ~ i+1 - l)(2r - (fi* + h*)^' 1 + hq^)) 

for 1 < i < d and 

<Px + <t>d-<Pd-<h = (<L- ±){Q d ~ l ~ ^){<f ~ 1)(M " hW + h*). 

(iii) : Using the data in Lemma ll3.ll we find 

4>i ~ <t>d-i+l = (<f " l)(q d - l+1 ~ IW 1 - q d - l )(vh* - ffh) 

for 1 < i < d. The result follows from this and Remark 113.21 

(iv) : Using the data in Lemma 113.11 we find 

<Pi - = (q l - l)(q d -* +1 - l){q d ^ - <T X )W - hh*) 

for 1 < i < d. The result follows from this and Remark 113.21 □ 

Proposition 13.5 Referring to Notation \12.1\ assume $ is Type I. Then (i)-(vii) hold 
below. 



(i) & is affine isomorphic to $ if and only if fi* = —h*, r = 0. 



(ii) $^ 


is affine isomorphic to if and only if fi = - 


-h, 


T = 0. 




(iii) 


is affine isomorphic to if and only if fi = 


-h. 


, fi = 


-h*. 


(iv) 


is affine isomorphic to <3? if and only if fih* - 


= fi*h. 




(v) 


is affine isomorphic to if and only if ft = 


-h, 


M* = 


-h*, t = 0. 


(vi) 


is affine isomorphic to if and only if fi = 


-h. 


, fi* = 


-h*, r = 



(vii) is affine isomorphic to $ if and only if fifi* = hh* . 



Proof. Follows from Propositions E3 E3 EM EES I8T21 ETT51 and Lemmas MM 
MM □ 
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Theorem 13.6 Referring to Notation \12.1[ assume $ is Type I. Then (i)-(vii) hold below, 

(i) Case (i) of Theorem \5.J\ occurs if and only if Li = —h, li* = —h* and r = 0. 

(ii) Case (ii) of Theorem \5.J\ occurs if and only if li = —h, li* = —h* and t^O. 

(Hi) Case (Hi) of Theorem \5.J\ occurs if and only if fj,fj,* = hh* and Lih* 7^ fi*h. 

(iv) Case (iv) of Theorem \5.J\ occurs if and only if /u/x* 7^ hh* and Lih* = \i*h. 

(v) Case (v) of Theorem \5.J\ occurs if and only if li = —h, li* 7^ —h* and r = 0. 

(vi) Case (vi) of Theorem \5.J\ occurs if and only if li 7^ —h, li* = —h* and r = 0. 

(vii) Case (vii) of Theorem \5.4\ occurs if and only if \i\i* 7^ hh* , /i/i* 7^ n*h, and at least 
two of fi^ -h, fx* 7^ —h*, t / 0. 

Proof. Combine Theorem 15.41 and Proposition 113.51 □ 

14 Type II: q = 1 and Char(K) ^ 2 

Lemma 14.1 f!8\ Theorem 7.1] Referring to Notation \12.1\ assume <3? is Type II. Then 
there exists unique scalars rj, [i, h, rf , li* , h* , r in IK such that 

9i = r] + fi{i-d/2) + hi{d-i), (47) 

9* = rf + Li*(i-d/2) + h*i{d-i) (48) 

for < i < d and 

ipi = i(d-i + l){T - fifi*/2 + {hfi* + fih*)(i- (d + l)/2) +hh*(i-l)(d-i)), (49) 

<k = i(d-i + l)(r + fifi*/2 + (hfj,* - iuh*){i - (d + l)/2) + hh*(i-l)(d-i)) (50) 

for 1 < i < d. 

Remark 14.2 Referring to Lemma 114.1^ f° r < i < d — lwe have fi 7^ —ih; otherwise 
Od-i = #o- Similarly fi* 7^ — ih*. For any prime i such that i < d we have Char(lK) 7^ i; 
otherwise ipi = by (f49l) . 

Lemma 14.3 Referring to Notation \12.1l assume <!> is Type II. Then (i)-(iv) hold below. 

(i) 0i + 0d-i is independent of i for < i < d if and only if h = 0. 

(ii) 9* + d _i is independent of i for < i < d if and only if h* = 0. 

(Hi) (9* — 9q)(9{ — $o) -1 is independent of i for 1 <i < d if and only if Lih* = fi*h. 
(iv) {9* d _ i — G* d ){0i — 9q)~ 1 is independent of i for 1 < i < d if and only if \ih* = —[i*h. 

Proof, (i): Using flUD, 

6i + Q d - t -e -e d = 2i{d - i)h 
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for < i < d. The result follows from this and Remark 114.21 
(ii): Similar to the proof of (i). 
(hi): Using (14D) and (pi) . 

0*-0q d d-8*o = {d-i){iMh*-y.*h) 

Oi -o e d - e ^ + (d- i)h) 

for 1 < i < d. The result follows from this and Remark 114.21 
(iv): Using gT]) and (13B1) . 

g-j^jS Oo-0* d _ (d-i)(vLh*+tA*h) 

Oi -Oo e d - e nQi + (d- i)h) 

for 1 < i < d. The result follows from this and Remark 114.21 □ 

Lemma 14.4 Referring to Notation \12.1l assume is Type II. Then (i)-(iv) hold below. 

(i) ifi = —(pi for 1 <i < d if and only if t = and h = 0. 

(ii) ifi = —(ftd-i+i for 1 <i < d if and only if t = and h* = 0. 
(Hi) <pi = (frd~i+i f or 1 < * < d if an d only if fih* = fi*h. 

(iv) ifi = (fd-i+i for 1 <i < d if and only if fJ,h* = —\x*h. 

Proof, (i): Using the data in Lemma 114.11 we find 

ifi + <pi = 2i(d - i + l)(r + fj*h(i -(d+ l)/2) + hh*(i - l)(d - i)) (51) 
for 1 < i < d and 

(pi + 4>\ ~ Vd ~ 4>d = 2d(l - d)fi*h. (52) 

First assume ifi = —(pi for 1 < i < d. Then in (|52|) the expression on the left is zero so 
the expression on the right is zero. In this expression each factor except h is nonzero by 
Remark 114.21 so h = 0. In (|5ip the expression on the left is zero so the expression on the 
right is zero. Evaluating this expression using h = and Remark 114.21 we find r = 0. We 
have now shown r = and h = 0. Conversely assume r = and h = 0. Then by (|5ip we 
have ipi = —(pi for 1 < i < d. 

(ii) : Similar to the proof of (i). We note that 

(Pi + (p d -i + i = 2i(d - i + l)(r + fih*(i - (d+l)/2) + hh*(i - l)(d - i)) 
for 1 < i < d and 

¥l + <Pd ~ "Pd ~ 4>i = 2<i(l - d)fih*. 

(iii) : Using the data in Lemma 114.1 1 we find 

(pi - 4>d-i+i =i(d — i + l)(d -2i + l)(/i/i* - n*h) 

for 1 < i < d. The result follows from this and Remark 114.21 

(iv) : Using the data in Lemma 114.11 we find 

Pi - Pd-i+i = —i(d - i + l)(d — 2i + 1)(M* + /•**/*•) 
for 1 < i < d. The result follows from this and Remark 114.21 □ 
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Proposition 14.5 Referring to Notation 1 12. 11 assume <3? is Type II. Then (i)-(vii) hold 
below. 

(i) is affine isomorphic to $ if and only if h* = 0, r = 0. 
(ii) <3>^ is affine isomorphic to <3> if and only if h = 0, r = 0. 
(Hi) is affine isomorphic to 3> if and only if h = 0, h* = 0. 

(iv) <£* is affine isomorphic to $ if and only if fih* = fi*h. 

(v) is affine isomorphic to $ if and only if h = 0, h* = 0, r = 0. 

(vi) <£^* is affine isomorphic to $ if and only if h = 0, h* = 0, r = 0. 
fwij $-^* is affine isomorphic to $ if and only if ixh* = —fi*h. 

Proof. Follows from Propositions El E3 E3 USE IHJOl ETI21 ETT51 and Lemmas [1431 
MM □ 

Theorem 14.6 Referring to Notation \12.1[ assume $ is Type II. Then (i)-(vii) hold below. 

(i) Case (i) of Theorem \5.J\ occurs if and only if h = 0, h* = and r = 0. 

(ii) Case (ii) of Theorem \5.J\ occurs if and only if h = 0, h* = and 

(raj Case (Hi) of Theorem \5.J\ occurs if and only if fih* ^ ji*h and fih* = —fi*h. 

(iv) Case (iv) of Theorem \5.J\ occurs if and only if fih* = \x*h and \xh* ^ —fi*h. 

(v) Case (v) of Theorem \5.J\ occurs if and only if h = 0, h* ^ and r = 0. 

(vi) Case (vi) of Theorem \5.J\ occurs if and only if h ^ 0, h* = and r = 0. 

(vii) Case (vii) of Theorem \5.J\ occurs if and only if fih* ^ n*h, [ih* ^ —/J>*h, and at least 
two of h, h* , t are nonzero. 

Proof. Combine Theorem 15.41 and Proposition 114.51 □ 
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15 Type III+: q = -1, Char(K) ^ 2 and d is even 

Lemma 15.1 ]18\ Theorem 8.1] Referring to Notation \12.1\ assume <I> is Type III + . Then 
there exists unique scalars rj, h, s, rf , h* , s* , r in K such that 



7] + s + — d/2) if i is even, 
rj — s — h(i — d/2) if i is odd, 

n* + s* + h*(i — d/2) if i is even, 
f]* -s* -h*(i-d/2) if i is odd 



(53) 
(54) 



for < i < d and 



\i(r - sh* - s*h- hh*(i- (d+l)/2)) if i is even, 

V% \ (d-i + l)(T + sh* + s*h + hh*(i-{d+l)/2)) if i is odd, 



i(r - sh* + s*h + hh*(i - (d+l)/2)) if z is even, 

(d - i + l)(r + s/i* - s*/t - /i/i*(i - (d + l)/2)) if i is odd 



(56) 



for 1 < i < d. 



Remark 15.2 Referring to Lemma 115.11 we have h ^ 0; otherwise #o = &2 by (|53p . 
Similary we have h* ^ 0. For i odd with < i < d - 1 we have s 7^ i/i/2; otherwise 
Qd— i = ^o- For any prime i such that i < d/2 we have Char(K) 7^ i; otherwise = by 
(|55p . By this and since Char(K) / 2 we find Char(K) is either or an odd prime greater 
than d/2. Observe neither of d, d — 2 vanish in K since otherwise Char(K) must divide d/2 
or (d-2)/2. 

Lemma 15.3 Referring to Notation \12.1\ assume $ is Type III + . Then (i)-(iv) hold 
below. 

(i) 0i + 9d-i is independent of i for < i < d if and only if s = 0. 

(ii) 9* + is independent of i for < i < d if and only if s* = 0. 

(Hi) (9* — 9q)(9i — 0o) _1 is independent of i for 1 < i < d if and only if hs* = h*s. 
(iv) (#5 i — 9 d )(9i — 9q)~ 1 is independent of i for 1 < i < d if and only if hs* = —h*s. 



Proof, (i): Using 



>d-i 



2{j] + s) if z is even, 
2(7/ — s) if i is odd 



for < i < d. The result follows from this. 

(ii) : Similar to the proof of (i). 

(iii) : Using and 



if i is even, 

hs*-h*s .... 

, — — r-r^ 11 1 is odd 

h(s - h(d-i)/2) 



24 



for 1 < i < d. The result follows from this, 
(iv): Using ([53]) and (154]) . 






hs* + h*s 



if i is even 



d -6 



h(s-h(d-i)/2) 



if i is odd 



for 1 < i < d. The result follows from this. 



□ 



Lemma 15.4 Referring to Notation \12.1[ assume 3> is Type III + . Then (i)-(iv) hold 



(i) (fi = —(pi for 1 <i < d if and only if t = and s = 0. 

(ii) (fi = —(ftd-i+i for 1 <i <d if and only if t = and s* = 0. 
(Hi) 4>i = (ftd-i+i f or 1 < * < d if and only if hs* = h*s. 

(iv) ifi = (fd-i+i for 1 < i < d if and only if hs* = —h*s. 

Proof, (i): Using the data in Lemma 115.11 we find 



for 1 < i < d. The result follows from this and Remark 115. 2i 
(ii): Using the data in Lemma Il5.ll we find 



for 1 < i < d. The result follows from this and Remark 115. 2i 
(iii): Using the data in Lemma ll5.ll we find 



for 1 < i < d. The result follows from this and Remark 115.21 
(iv) : Using the data in Lemma 115.11 we find 



below. 






if i is even, 
h*s) if i is odd 




for 1 < i < d. The result follows from this and Remark 115.21 



□ 
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Proposition 15.5 Referring to Notation \12.1l assume <3? is Type III + . Then (i)-(vii) hold 
below. 

(i) is affine isomorphic to $ if and only if s* = 0, r = 0. 
(ii) <3>^ is affine isomorphic to <3> if and only if s = 0, r = 0. 
(m,) is affine isomorphic to $ i/ and onZy i/s = 0, s* = 0. 
(^uj <£* is affine isomorphic to <3? if and only if hs* = h*s. 

(v) is affine isomorphic to if and onZy if s = 0, s* = 0, r = 0. 
fwij <1>^* is affine isomorphic to <I> i/ and only if s = 0, s* = 0, r = 0. 
(wij $-^* is affine isomorphic to $ if and only if hs* = —h*s. 

Proof. Follows from Propositions El E3 E3 EM EES IH121 ETT51 and Lemmas HO 

□sa □ 

Theorem 15.6 Referring to Notation \1 2. 1\ assume <I> is Type III + . Then (i)-(vii) hold 
below. 

(i) Case (i) of Theorem \5.J\ occurs if and only if s = 0, s* = and r = 0. 

(ii) Case (ii) of Theorem \5.J\ occurs if and only if s = 0, s* = and r ^ 0. 
(Hi) Case (Hi) of Theorem \5.J\ occurs if and only if hs* ^ h*s and hs* = —h*s. 

(iv) Case (iv) of Theorem \5.J\ occurs if and only if hs* = h*s and hs* ^ —h*s. 

(v) Case (v) of Theorem \5.J\ occurs if and only if s = 0, s* ^ and r = 0. 

(vi) Case (vi) of Theorem \5.J\ occurs if and only if s ^ 0, s* = and r = 0. 

(vii) Case (vii) of Theorem \5.4\ occurs if and only if hs* ^ h*s, hs* ^ —h*s, and at least 
two of s, s* , t are nonzero. 

Proof. Combine Theorem 15.41 and Proposition 115.51 □ 
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16 Type III : q = -l, Char(K) ^ 2 and d is odd 



Lemma 16.1 f!8\ Theorem 9.1] Referring to Notation \12.1\ assume <I> is Type III . Then 
there exists unique scalars rj, h, s, rf , h* , s* , r in K such that 



7] + s + h{i — d/2) if i is even, 
n — s — h(i — d/2) if i is odd, 

rf + s* + h*(i — d/2) if i is even, 
77* - s* - - d/2) if t is odd 



for < i < d and 



hh*i{d-i + l) 



if i is even, 



r - 2ss* + i(d - i + 1)M* - 2(hs* + /i*s)(i - (d + l)/2) if i is odd, 



M*i(d - » + 1) 



if i is even, 



r + 2ss* + i(d-i + l)hh* - 2(hs* - h*s){i -{d+ l)/2) if » is odd 



(57) 
(58) 

(59) 
(60) 



for 1 < i < d. 



Remark 16.2 Referring to Lemma 116.11 we have /i ^ 0; otherwise 8q = 82 by (|57|). 
Similary we have h* 7^ 0. We have s ^ 0; otherwise #0 = $d by (|57p . Similarly we have 
s* 7^ 0. For i even with < i < d — lwe have s 7^ i/i/2; otherwise = &o- F° r anv 
prime i such that i < d/2 we have Char(lC) 7^ i; otherwise <^2i = by (|59p . By this and 
since Char(K) ^2 we find Char(K) is either or an odd prime greater than d/2. Observe 
d — 1 does not vanish in K since otherwise Char(K) must divide (d — l)/2. 

Lemma 16.3 Referring to Notation \12.1\ assume <3? is Type 1IT~ . Then (i)-(iv) hold 
below. 

(1) e Q + 9 d ^e 1 + e d ^ 1 . 
(a) e* o + e* d ^0* 1 + e* d _ v 

(in) (8* — 8q)(9i — #o) _1 *s independent of i for 1 <i < d if and only if hs* = h*s. 
(iv) (6^_j — 8* d ){8i — 9q)~ 1 is independent of i for 1 < % < d if and only if hs* = —h*s. 



Proof, (i): Using ([5 



+ 8 d -8i 



2-1 



-2(d-l)/t. 



The result follows from this and Remark 116.21 

(ii) : Similar to the proof of (i). 

(iii) : Using ([571) and ([58j) . 

h*s - hs* 



80 8d — 8q 



hs 

(d-i)(hs* -h*s) 
s(2s-h(d-i)) 



if i is even, 



if i is odd 
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for 1 < i < d. The result follows from this. 



(iv): Using {57]) and (i58j) . 




01 



'hs* + h*s 
hs 



if i is even 



< 



Od — #0 



(d - i){hs* + h* s) 
k s(-2s + h(d - i)) 



if % is odd 



for 1 < % < d. The result follows from this. 



□ 



Lemma 16.4 Referring to Notation \12.1[ assume $ is Type III . Then (i)-(iv) hold 



(i) ^2 7^ —4>2- Moreover if f>\ = —(f>i then Lp d ^ — (ft d . 

(ii) ip 2 / -<t>d-\- Moreover if tpi = -cj) d then (p d ^ -<p 1 . 

(Hi) (pi = cf) d ^i + i for 1 < i < d if and only if hs* = h*s. 

(iv) ifi = (£>d„j_|_i for 1 <i < d if and only if hs* = —h*s. 

Proof, (i): Using the data in Lemma 116.11 we find 

^ 2 + = 4(d- l)hh*, 

if! + (pi - ip d - 4> d = 4(d - l)hs*. 

The result follows from this and Remark 116.21 

(ii) : Using the data in Lemma 116.11 we find 

<P2 + <f>d-l =4(d-l)hh*, 

<Pi + <Pd ~ Pd ~ 4>i = - l)h*s. 

The result follows from this and Remark 116.21 

(iii) : Using the data in Lemma ll6.ll we find 



for 1 < i < d. The result follows from this and Remark 116.21 
(iv) : Using the data in Lemma 116.11 we find 



below. 




if i is even 
h*s) if i is odd 




if z is even 



2(d - 2i + \){hs* + h* s) if i is odd 



for 1 < i < d. The result follows from this and Remark 116.21 



□ 
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Proposition 16.5 Referring to Notation \12.1l assume <3? is Type III . Then (i)-(vii) hold 
below. 

(i) is not affine isomorphic to $. 
(ii) <£>^ is not affine isomorphic to <3?. 
(Hi) $>*^ is not affine isomorphic to <3?. 

(iv) <&* is affine isomorphic to $ if and only if hs* = h*s. 

(v) &* is not affine isomorphic to <1>. 

(vi) is not affine isomorphic to 

(vii) is affine isomorphic to $ if and only if hs* = —h*s. 

Proof. Follows from Propositions El E3 EH EM EES IHl2l ETI51 and Lemmas MM 
MM □ 

Theorem 16.6 Referring to Notation \12.1[ assume $ is Type III~ . Then (i)-(iv) hold 
below. 

(i) Case (Hi) of Theorem \5.J\ occurs if and only if hs* = —h*s. 

(ii) Case (iv) of Theorem \5.J\ occurs if and only if hs* = h*s. 

(Hi) Case (vii) of Theorem \5.J\ occurs if and only if both hs* ^ h* s, hs* ^ —h*s. 
(iv) Cases (i), (ii), (v), (vi) of Theorem \5.J\ do not occur. 

Proof. Combine Theorem 15.41 and Proposition 116.51 □ 

17 Type IV: q = 1 and Char(K) = 2 

Lemma 17.1 f!8\ Theorem 10.1] Referring to Notation \12.1\ assume <3> is Type IV. Then 
d = 3. Moreover there exists unique scalars h, s, h* , s* , r in IK such that 

1 = o + h( s + i), e 2 = e + h, e 3 = e + hs, 

g* = 0* + h*( s * + l), 6* 2 = 6* + h*, 9* = 6* + h*s*, 

(pi = hh*r, if2 = hh* , (fs = hh*(r + s + s*), 

( f) 1 = hh*(r + s(l + s*)), (j)2 = hh*, 4> 3 = hh*(r + s*(l + s)). 

Remark 17.2 Referring to Lemma ll7.1| each of h, h* , s, s* is nonzero, and each of s, s* 
is not equal to 1. 
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Lemma 17.3 Referring to Notation \12.1l assume <3? is Type IV. Then (i)-(iv) hold below. 

(i) Oi + Od-i = hs for < % < d. 

(ii) 0* + 9* & _ { = h*s* forO<i<d. 

(Hi) {9* — 0q)(0i ~~ $o) _1 is independent of i for 1 <i < d if and only if s = s*. 
(iv) — — @o)~ 1 is independent of i for 1 < i < d if and only if s = s* . 

Proof, (i), (ii): Routine verification using the data in Lemma 1 17. 11 
(iii): Using the data in Lemma ll7.ll we find 

9\ -91 _ h*(s* + l) 9l-9* Q _h* 9%-9%_h*s* 



0i - 6 h(s + 1) ' 6 2 - 9 h : 9 3 -0 o hs 

The result follows from this and Remark 117.21 
(iv): Using the data in Lemma 117.11 we find 

0* -0* _ h*(s* + 1) 9\-0l h* 9%-9%_h*s* 



9i - O h(s + 1) ' 02 -do h' 9 3 -0o hs ' 
The result follows from this and Remark 117.21 □ 

Lemma 17.4 Referring to Notation \12.1\ assume $ is Type IV. Then (i)-(iv) hold below. 

(i) if! ^ -0i. 

(ii) ipi ^ -0 3 . 

(iii) (pi = 03 if and only if s = s* . 

(iv) (pi = (fz if and only if s = s*. 

Proof. Using the data in Lemma 117. II we find 

<P! + 0i = hh*s(s* + 1), (ft + 03 = hh*s*(s + 1), 

01 - <^3 = hh*(s + s*), (pi - ifs = hh*(s + s*). 
Now (i)-(iv) follow from this and Remark 117.21 □ 
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Proposition 17.5 Referring to Notation \12.1l assume is Type IV. Then (i)-(vii) hold 
below. 

(i) is not affine isomorphic to $. 
(ii) is not affine isomorphic to <3?. 
(Hi) is affine isomorphic to $ if and only if s = s* . 

(iv) <J>* is affine isomorphic to $ if and only if s = s* . 

(v) is not affine isomorphic to <I>. 

(vi) is not affine isomorphic to 

(vii) is affine isomorphic to if and only if s = s* . 

Proof. Follows from Propositions El E3 EH EM EES 18J31 and Lemmas [T7T31 

EM □ 

Theorem 17.6 Referring to Notation \12.1l assume $ is Type IV. Then (i)-(iii) hold 
below. 

(i) Case (ii) of Theorem \5.J\ occurs if and only if s = s* . 
(ii) Case (vii) of Theorem \5.J\ occurs if and only if s ^ s* . 
(Hi) Cases (i), (iii)-(vi) of Theorem \5.J\ do not occur. 

Proof. Combine Theorem 15.41 and Proposition 117.51 □ 
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